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On narrow V-like ship wakes
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This paper is concerned with the generation of short gravity waves and their radiation
from the outer edge of the turbulent boundary layer and wake of a ship. They arise
primarily near the ship’s stern. The wave spectrum in the direction of wavenumber
vector at an angle (90°—4) to the ship’s track is:
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where ¥ is dimensionless and a function of three dimensionless parameters. ¥ is the
spectrum of the oscillating motion at the boundary, U the ship speed, T, the decay
timescale of the oscillating motion, 2/ the lengthscale of the eddies, and R the distance
away from the boundary along the wavenumber vector. Generally, @, has large values
near § = (0 and small values at large &; it behaves as 1/R at distances not far from the
ship, then may vary slower than 1/R at intermediate distances, and finally behaves as
1/R again at distances far from the ship. These are consistent with the pattern found
in SAR images of narrow V-like ship wakes. The method developed here is also
applicable to various problems of surface wave generation by turbulence in water.

1. Introduction

Ship waves have long been the interest of fluid dynamics. The classical Kelvin wave
pattern, which originates from a point impulse moving at constant velocity along the
surface of the water, consists of two kinds of waves, transverse and divergent, and is
confined between two lines with half angle 19.5°. Recently, however, satellite and
aircraft images of the sea surface, using Synthetic Aperture Radar, have revealed the
existence of a narrow V-like wake extending as far as 20 km behind surface ships with
a half angle between 2° and 3° (Shemdin 1987; Munk, Scully-Power & Zachariasen
1987). The length of such arms in general depends on the sea state, and the half angle
varies from ship to ship and depends on ship speed and radar wavelength. This new
discovery was surprising and has sparked considerable speculation. It must be kept in
mind that the radar return from the sea surface to first order is the result of Bragg
backscattering which selects a single wavenumber of the water surface configuration
pointing in the same direction as the radar does. For the SEASAT SAR, the surface-
wavelength selected by Bragg backscattering is about 30 cm. It was found that these
surface-waves are not part of the Kelvin wake (Munk et al. 1987). In the Kelvin wake,
such short wavelengths occur only within the divergent wave system and appear at
rather small wake angle, but the direction which is proper for backscatter in one bright
arm will not be proper for the other arm: only one arm would be visible to the radar.
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FIGURE 1. A turbulent jet behind ship Bay Lady generated by propeller. Waves generated and
radiated away by the jet are perceivable along the edge of the jet.

One supposition was that they are associated with ship-generated internal waves at the
thermocline. Internal waves in general have smaller phase speeds than surface waves
and propagate away from the axis of the ship, and the wake angle, which is
proportional to the ratio of the internal wave phase speed to the ship speed, is smaller
than that of the Kelvin wake. Modulation of short surface waves by the strain of
internal waves can cause modulation of radar backscatter. Further studies showed
however, that, the predicted radar backscatter modulation derived from internal wave
modulation with a mixed layer depth of 100 m or so is one or two orders of magnitude
smaller than what has been observed, so the internal waves may not be relevant to
narrow V-like ship wakes (Shemdin 1987), at least under mild wind condition (Lyden
et al. 1988). Another mechanism that has been proposed is that V-like wakes are mainly
generated by incoherent point sources behind the ship (Munk et a/. 1987). This is a very
simple model and is in the spirit of this investigation. Figure 4 in his paper which was
taken 500 m behind the ship shows clearly that waves are radiating from the incoherent
point sources. However, we know that the strongest turbulent disturbances are located
just behind the ship, and it may have a strong coherent structure. As time goes on, the
small-scale disturbances in the turbulent wake die away, leaving behind a large-scale
more or less coherent structure in the wake.

To clarify the generation mechanism, we made some observations of ship wakes
under mild wind condition (less than 3 m s™). We found the ship wakes consist of two
regions: one is the small defect wake generated by the ship’s hull and full of swirling
eddies, and the other is a strong turbulent jet generated by the propeller running
through the middle of the small defect wake (figure 1). The structure, intensity, and the
mean velocity of the jet’s eddies depend on the state of the ship (such as ship speed,
geometry, and its course), but the intensity of the flow disturbances strongly suggests
that the dominant generating sources of the backscatter in the bright arms are located
in the turbulent flow immediately astern. Small-scale waves are generated and radiated
away by the oscillating boundary between the turbulence and the adjacent irrotational
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FIGURE 2. Small-scale waves generated by a turbulent wake behind a ship. Note that the strongest
waves last only for a few wave periods and each eddy acts like a single source of waves.

flow (figure 2). The purpose of this study is to investigate some characteristics of these
waves generated by turbulence in ship wakes, in the hope of interpreting some of the
unexplained features of the narrow V-like ship wakes.

The study of wave generation by floating bodies has long of an interest in fluid
dynamics (Mei 1983), but so far no systematic theoretical work has been done for the
generation of waves by turbulence. The well-established mathematical methods for
wave generation by a floating body generally involve a complicated Green function
(Michell 1898, Mei 1983) or an integral equation (Ursell 1966). These methods cannot
be easily applied to the wave generation by turbulence, a more complicated process. In
our present study, we find a Green function for the problem which leads to a relatively
simple expression for the wave field in terms of normal velocities prescribed at the
boundary so that wave generation by turbulence can be investigated analytically.

In §2, we will formulate the problem mathematically, give a general expression for
the wave field in terms of the velocity distribution along the flat boundary, and discuss
the characteristics of the waves generated by boundary disturbances in deep water. In
§3, we will apply these results to the problem of narrow V-like ship wakes.

The phenomena of surface waves radiating away from turbulence occur in many
other circumstances too, such as a turbulent stream entering a pool or a tank. Though
in this paper we consider only the narrow V-like ship wakes, the principles and methods
developed here can also be applied to these phenomena. Surface wave generation by
turbulence is a difficult problem owing to its complexity. The model presented here is
very idealized and we regard the present study as the first step towards understanding
this difficult problem.

2. Wave generation by boundary disturbance

As a ship moves across the water surface, ship’s turbulent wakes are generated,
which consist of strong turbulent jets by propeller and a small defect wake; waves are
radiated away from the edges of the jets and the defect wake (figures 1 and 2). This
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suggests that waves may be generated by the velocity fluctuations at the edges of
turbulent region.

It has been known for a long time that, for free turbulent flows such as jets, wakes,
and boundary layers, there is a sharp but convoluted interface between the regions
where the flow is turbulent and an external region of irrotational motion. If the surface-
wave length is much greater than the thickness of the convolution region, the thickness
of the convolution region can be neglected, and therefore the interface between
irrotational and turbulent regions may be simplified as a local flat plane. Now we
propose an idealized model of wave generation by turbulence: the turbulence and
irrotational flows are separated by a vertical plane, and the velocity fluctuations in the
plane induced by the turbulence give the specified normal velocity boundary conditions
for the problem; it is this velocity distribution in the vertical plane that generates the
gravity waves radiating away from the plane. The wave patterns and energy radiated
away are solely determined by the characteristics of the boundary disturbances such as
the intensity, the oscillating frequency, the lengthscale, and the advective velocity of the
disturbance pattern. Thus, the problem of wave generation by turbulence has been
simplified to a problem of wave generation by a prescribed but random boundary
disturbance.

In this section, we first formulate the governing equation and find a Green’s formula
for the problem which leads to a relatively simple expression for the wave field in terms
of normal velocities prescribed at the boundary so that wave generation by turbulence
can be investigated analytically; then we investigate two special cases related to narrow
V-like ship wake.

Let z be the vertical coordinate with x and y as horizontal coordinates. The surface
z = 0 is the undisturbed water surface, and y = 0 is the boundary between turbulence
and irrotational flows — the control surface of the turbulence. The water depth is 4. The
normal velocity is prescribed at y = 0, and y > 0 is the irrotational region. Here we
assume that the wave slope is small so that free-surface boundary conditions can be
linearized. The governing equation and the boundary condition can be written as
follows (Mei 1983):

Vi1, x,,2) =0 (—ow<x<o, p>0, —h<z<0), (1
A
Ca—t+g77:0 atz=0, y>0, )
oy _ 0¢ _
é—[—a_zv atz =0, y>0, (3)
R
%—fzo atz=—h, (4)
o
a—f=f(z,x,z) aty =0, 5)
60 as (x*+3H2 > o, (6)

where f{1, x, z) is the normal velocity prescribed at the boundary y = 0, ¢ is the velocity
potential, and % is the surface elevation. The flow is assumed to be at rest at time
t < 0, and the disturbance at the plane y = 0 is switched on a time ¢ = 0. The initial
conditions for the problem are then

$(0,x,y,2) =0, (7

7(0,x,y) =0, ()
in the interior of the domain (y > 0).
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Applying the Laplace transform

fis) = f e, ©)

1 eg st
i = Efrﬂs)e ds, (10)

to equations and boundary conditions (1)—(6) and noting the zero initial conditions for
¢, 7, we have

Vi(s,x,y,2) =0 (—w<x<ow, y>0, —h<z<0), (11)
Ws—a);y—-’-@+ 35, %,9,00=0 (z=0,y > 0), (12)
agb(s,x,y,z)_ g
EEELE_0 =-n, (13)
@’—a—";y’—%ﬂs,x,z) (v =0). (14)
B(s,x,3,2)>0  ((x*+y*)2—> o0), (15)

To solve the above equations, we first seek the Green function of the problem
G(s,x,y,2;Xq, Vo, Z,) Which satisfies the following equations and boundary conditions:

VEG = 8(x—x,) 8(y —y,) 8(z—zy) +8(x — x,) 8(y + y,) 8(z —z,), (16)
%—ZG—+SG 0 atz=0, 17)

aaf 0 asz=—h, (18)

%Iy% -0, (19)

G0 ((x*+y)"? - o). (20)

Care has to be taken about the Neumann type of boundary condition at y = 0. In
general, because of the Green’s formula,

f” UV — V) dV, = H (u——v )dSO, Q1)

the simplest allowable boundary condition for the Neumann type boundary
condition is
oG 1
— == 22
FPlT (22)
where A is the area of the boundary. This is obtained by letting u = constant and
v = G. In our problem, however, we have prescribed that ¢ goes to zero as distance
= (x*+)")'? tends to infinity. In other words, if ¢ is a constant in the entire
domaln ¢ must be zero. Therefore, Green’s formula (21) is not violated here by
imposing the boundary condition (0G/dn)|,-, = 0, and (22) is not derivable from (21)
any more.
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Applying the Hankel transform to the governing equation and boundary conditions
for G, noting that the mass flux coming out of the point sources at (x,, +y,) is finite
and that the radiation condition is

oG

(kry)'® (ér—— ikG) -0 asr,—>w,
[}

we finally obtain the Green function of the problem (16)—(20):

1 f’“szsinhkz+~gkcoshkz+
0

G(Sa—xayaz;xmy()azo):ﬁ S2+gktanhkh

coshk(z_+h)
cosh kh

where F=((x=x)*+ (=) " =((x—x)*+(y+1,))"2,

X (k') + Jyker”)} dk, (23)

z, =max(z,z,), z_=min(z,z,y),

and J, is the zero-order Bessel function.
Thus, from Green’s formula (21), noting the boundary conditions (12)—(15),
(17)>-(20) and the relationship between # and ¢:

(s, X, ¥) = —g&(s, x,,0), (24)

we obtain the wave field:

t oC 0 0
p(t,x,p) = %f dr J dx, J ) dz, J St —1,x,,2,) cos (gk tanh kh)*/*r
0 - - 0

coshk(z,+h)

— 2 2\1/2
osh b (=) + 3% ) k. (25)

Therefore, the wave field is uniquely determined by the normal velocity distribution
specified 4t the plane y = 0. In solving our problem, there is no other restriction upon
the form of the integrable function f{t, x, z) — the disturbance pattern can be either a
simple oscillation across the plane or a disturbance pattern moving in the plane. Hence
(25) is a fairly general expression for the wave field generated by disturbances specified
at the vertical plane. It may be used to investigate various surface wave generation
problems, either by turbulence or by a wavemaker. Also we notice that the
contributions of the sources to the wave field decay exponentially with depth so that,
as one would expect intuitively, the most important contributions come from the
sources near the water surface.

For deep water, h— cc, (25) becomes

t o 0 oG
n(t,x,y) = %J de deJ dzof ft—7, x4, 2,)
0 —oC -0 0

x cos (gk)'* 1 k exp (kz,) J(k((x — x,)%+ yH)V*) dk.  (26)

Next we investigate two simple cases which are relevant to wave generation by ship’s
turbulent wakes. The first case is related to the wave generation at the edges of small
defect wake, where the velocity fluctuations at the edges may be viewed as harmonic
motion. The second case is related to the wave generation at the edge of strong
turbulent jets embedded in the small wake, where the velocity fluctuations may be
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viewed as moving disturbances which are being regenerated and diminishing. In the
forthcoming discussion, we will be only concerned with a single mode; the more
complicated case can be studied via Fourier synthesis.

Case 1. Waves generated by simple harmonic motion

Suppose that the disturbance along the boundary is in a simple harmonic motion;
that is, the normal velocity at each point in the plane oscillates with the same frequency
w (w is constant), but its intensity u(x, z) at the point does not change with time though
it may vary with x, z:

S, %y, 24) = u(Xy, z)sinwt (¢ > 0). 27)

Let 2/ be the length of the source:
u(x,,z,) £ 0 forx,e(—=1L1),
u(x,,z,) =0 otherwise.

The waves generated by this velocity distribution at y = 0 of course have the same
frequency w; u(x,,z,) is a slowly varying function with respect to x in the sense that

A 2

~<%u (28)
Xy g
Let
0
#(x0, k) = f u(xy, o) kexp (kz,) dz,, (29)

and assume #(x,, k) being a bounded function for the complex variable k. Therefore,
according to (26), the wave field generated by the disturbance is

t o€ o0
nt,x,p) = %J d'rf dxuj iH(x,, k) sin w(t —7)
0 —C 0

x cos (gk)'2 Th(k((x — x0)* + )" dk,  (30)

where k essentially is the wavenumber. In this paper, we are only interested in the ‘far
field” where
k((x—x0)*+ %)% > 1. (3D

By applying the method of stationary phase to (30), we can show that, in the near
field, (x2+y*)"? < 21,

2 . 2 . w? w?
7(t,x,y) = —il(x,w*/g)sin|wt——y| as—y> L. (32)
w g g

This represents parallel beams radiating away in the direction perpendicular to the
plane, and their intensities do not change with distance from the plane.

At distances far away from the plane such that lengthscale of the source is much less
than the distance, R = (x2+ »?)*/% » 2/, the waves behave like radiation from a compact
region.

2 1/2 2 - 2 2 .
9t X, y) = Im{@ %W U(-‘f;;-;%, “’E) exp (1(wt—w2/gR+n/4))}

2
as %R> 1, (33)
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where U(m, k) = % J #(x,, k) exp (imx,) dx,.

Note the wave in the far field has a directional dependence on x/R. According to
Fourier theory, U(m, »?/g) must tend to zero as m/ becomes very large so that the wave
energy U%(m, w?/g) is mainly concentrated in m < O(1 /1). Therefore, for non-compact
sources, / > w?/g, 1.e. the lengthscale of the source is much larger than the waves, the
wave radiate in a narrow fan-shaped region. For a compact source, / < w?/g, ie.
wavelength is much larger than the lengthscale of the source, the wave beams spread
in wider angles. For a point source, the waves spread uniformly in all directions in the
(x,y) half plane.

Therefore, the wave field generated by a simple oscillating disturbance consists of
parallel beams with propagating direction perpendicular to the plane for distances not
too far away from the plane and then spread out in the far field into a fan-shaped
region. This redistribution of energy involves no change in the energy flux, and the
energy flux radiated away by the waves is equal to the rate of working done by the
pressure field on the fluid at the boundary (Gu 1989).

Generally, the intensity of the disturbances at the edge of defect wake is changing
with time because of the decay of turbulence. If the timescale of variation of intensity
is much larger than that of the oscillating motions of the boundary, we can generalize
the calculation to include this slow variation effect. The normal velocity distribution
along the boundary of a simple harmonic motion with a slow variation intensity may

be written as
flt, x,z) = u(x, z, et) sin wt, 34

where ¢ is a small parameter. By substituting (34) and

U(xy, 2y, €1) = J (x,, 2, ©2) exp (i) dQ, 35)

~0

into (26), we can show that, to the lowest order,

2\ w * 1 r
n(t,x,y)= E E 7\xd20 _I‘Wkoexp(knzo)u Xos Z9s € f—c—g

. w o
><sm<wt—§r+z)dx0, (36)
2 2
as “r=" xR 1 (o0,

where k, = w?/g is the wavenumber, and ¢, = g/2w is the group velocity of the waves.
Hence for the near field y > 2/,

2 (0 .
n(t, x,y) = ‘(;f ‘ u(x, z,, e(t—y/cg)) kyexp (ko z,) Az, sin (wf —k, p). (37)
For the far field R = (x*+%)Y* » 2/,
= ()
MO \w) g W R

><Im{JA0 U(a—;%,zo,e(t—?))koexp(kozo)dzoexp(i(wt—wz/gR+n/4))} (38)
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P(X,y)

FiGURe 3. Notation for case 2 in §2.

~ R 1 R .
where U(m, Zg, € (z —c—g)) = 5 Jio u (xo, AN (t —}—g)> exp (imx,) dx,. 39)

Comparing equations (37)-(38) with (32)-(33), we find that the geometrical
characteristics of the waves generated by disturbances of changing intensity are the
same as those of constant intensity: parallel beams in the distance, not too far away
from the boundary, which spread into a fan-shaped region in the far field. The
equations (37)—(38), however, exhibit a time-lag y/c, in the near field and R/c, in the
far field, which is needed for the information about changes of intensity along the
boundary to travel to the observation point (x, y) at the wave group velocity.

Case 2. Waves generated by moving disturbances which are being regenerated and
diminishing

When a turbulence jet is generated by a ship’s propellers, the envelopes of the
disturbances move with the ship, while the individual disturbances, whose intensities
decay with time, move at the velocity different from that of the ship, with direction of
the mean velocity of the jet being opposite to that of the ship. Here we consider one
single mode of the disturbance cos Mx, moving in the direction of the positive x-axis
with constant velocity ¥, but its envelope F(x,,z,) moving in the direction of the
negative x-axis with constant velocity U:

S, x,20) = Flxy+ Ut, z) cos M(x,— Vi) (1> 0), (40)

with U/V = O(1).
We again, at ¢ = 0, assume

F(xy,z,) £ 0 when x,e(—11),

F(xy,z,) =0 otherwise,
and define

G(xy k) = J’D F(x,,z,) exp (kz,) k dz,, 41)

which is assumed to be a bounded function of & in the complex plane. If we fix the
reference on the moving envelope (figure 3):

X,=x,+Ut, X=x+Ut,
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and let W=U+V, F=X,—-Ur

from (26) we have

t 4 o
71, x,y) = %J d‘rf dPof G(P,, k) cos (gk)"*r
0o J 0

x cos M(P,— W(t—1)) Jy(k(x—Ur—B)*+y")'?*) dk. (42)

Applying the stationary phase method to the above integrals, we can obtain the wave
field for r = (X —=U7)*+y»)Y% > [

2 Re[iG(0, ko) exp (—i(kyr — MWr,)) exp (—iMWr1) exp (+in/4)]
gE(1+4(U/ V) (1 —3tan® 6)+ 4(U/ V) ’

W(I’Xay) = 2(2711:)

(43)
provided kycosf =M, (44)
where Ty = 2]‘;”, Cg= %17’ (45)
w 1s the intrinsic frequency of the waves generated by disturbance, and
- 1 ! 0
G0, k) = 3 J_l dx, J_Oo F(xy, zy) kyexp (ky z,) dz,. (46)

Hence the wave appearing at point P(X,y) at time ¢ is generated at time ¢—7,. The
wave intrinsic frequency is MV, the same as the frequency created by individual
disturbance moving with velocity V' against the irrotational flow, and apparent
frequency of waves is

n=w—kU=MW.

From (44) and (45) we have ¢ = Vcos#, where ¢ is the phase velocity of the waves
which determines wave propagation direction. The propagation direction is determined
by the moving velocity of the patterns ¥ (the ‘eddies’) but not the velocity of the
envelope U (the ship). The term exp (— 1M Wt) comes from the unsteady appearance of
the disturbance in the moving frame of speed U. The amplitude of the waves is
proportional to G(0, k,). It is the sum of the intensities of all points in the plane but
weighted by factor k,exp(k,z,), and it decays like 1/r!/%. At

1 1+2(U/V))’ @)

f* = arctan (—

v2 (U/V)

the denominator in (43) becomes zero so that 6* divides the waves into two classes. For
0 < 8 < 6*, the waves belong to the transverse system, the sign in front of i(r/4) is
positive; for 6* < 6 < n/2 the waves belong to the diverging system, the sign in front
of in/4 is negative. When eddies are moving slowly relative to the envelope, U/V > 1,

f* = arctan+/2 = 54°44’, (48)

At these critical angle, the amplitude decays like 1/r/®, more slowly than what we
found elsewhere.
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il |

FIGURE 4. Notation for case 2 in §2.

From figure 4 we find that the waves generated during the time interval (0, ) are all
located along the line OP in the frame fixed on the moving envelope since

Dol (49)
T, T

Therefore, a, the angle between OP and the X-axis, solely determines the location of
waves relative to the moving envelope for the fixed wave frequency. From figure 4 we

see that

rsin @
tana = Ur+rcosb’ (30)
Thus
_ (c/V)(A=(c/ V) _ sin 6 cos 6
a = arctan XTI+ V) ora—arctan—————z(U/V)+cos20. (51)

3. Narrow V-like ship wakes

In this section we will investigate the generation mechanism of backscatters in the
bright arms by applying the results in the last section, where a wave field generated by
a single mode of disturbances along the boundary has been studied in detail. Narrow
V-like ship wakes detected by SAR have three distinguishing characteristics. (i) The
half angle of the bright arms is very small, about 2° to 3°, and it depends on the ratio
of group velocity of the backscatters to the ship speed. (ii) Backscatters in the bright
arms are presumably short waves, whose wavelength A,, about 30 cm for L-band radar,
satisfies the first-order Bragg scattering condition

— /\T
*7 2sing,’

where 6, is the radar incident angle, and A, is radar wavelength. (iii) The waves which
form the backscatters in the bright arms are propagating along the same line that the
radar is looking at, but the directions in which they are propagating are opposite in the
two arms.

Lyden et al. (1988) found that the narrow V-like wakes often occur under light wind
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FI1GURE 5. Downstream view of wave-wake system along the ship track.

conditions (< 3ms™!) for L-band radar and were apparently independent of any
stratification of the water. Shemdin (1987, 1990) found from the measurements that the
decay rate of the backscatters along the bright arms follows the combined eftects due
to molecular viscous damping and radiative decay.

In order to understand the generation mechanism, we believe that observations must
be made of the turbulent wake immediately astern of the ship. A series of picture has
been taken of the turbulent wakes during the ship Bay Lady’s two-hour cruise at
Baltimore Harbour in November 1988. The ship is 140 feet long and 40 feet wide. The
wind speed was about 3 ms™', and the water surface was very calm in the bay and
became a little rough when the ship reached Fort McHenry. The cruise velocity of the
ship is about 6 ~ 8 knots (3 m s ~ 4 m s™') and the maximum speed of the ship is
about 12 knots.

In this observation we found that the ship’s turbulent wake near the ship’s stern
consists of two regions: one is the small defect wake generated by the ship’s hull drag
and full of swirling eddies, and the other is a strong jet generated by the propeller
running through the middle of the small defect wake (figure 1). The turbulent intensity
and mean velocity of the small defect wake are much smaller than that of the jet, and
the lengthscale of the eddies is about 1 m or so. The jet runs in the opposite direction
of the ship with respect to the undisturbed water, and waves are radiated away at the
edges of the jet.

Figure 2 was taken of a region not too far from the ship’s stern (< 30 m). It shows
that the small-scale waves about 30 cm or so were generated and radiated away by the
oscillating motion of the boundary between the turbulent wake and irrotational flow
induced by the swirling eddies. Figure 5 is a broad view of the turbulent wake
downstream. The small-scale wave region is perceptible along the boundary between
the turbulent wake region and irrotational flow, and it persists for a long time after the
ship has passed by.

These findings suggest that, under light wind conditions and moderate ship speeds
(3ms™ ~4ms™), the backscatter in the bright arms could be generated by the
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boundary disturbance induced by swirling eddies in the ship wake not far away from
the ship stern. We believe this should also be true for higher ship speeds.

The narrow V-like signatures observed in the SAR image are believed to be due to
Bragg-scattering of radar waves by small-scale surface waves. The backscattering
cross-section per unit area is given by the well-known formula

o, = 4nk}cos 6, F(6,) D2k, sinb,,0). (52)

That is, for a given radar wavenumber &, and incident angle &,, the backscattering
cross-section per unit area is linearly proportional to the surface wave spectrum @ at
wavenumber 2k, sin¢,. To understand the behaviour of the wave spectrum &, we
utilize the idealized model discussed in §2. We take a control surface of the turbulent
region as a vertical plane in which the normal velocity is prescribed, and the waves are
generated by the disturbances along the control surface induced by the velocity and
pressure fluctuations in the turbulence region.

The relationship between irrotational motion in the control surface and vortical
motion in turbulence is very complicated. When strong turbulence impinges upon a
free surface, the surface displacements are strongly coupled with the underlying
vortical field and their propagation characteristics are disrupted, especially for scales
of surface disturbance whose group velocity is not large compared with the turbulent
velocities. It is very difficult to carry out a theoretical investigation of these processes
since the mechanisms for the generation, scattering, and dissipation of the waves in
turbulent flow have not been understood yet. We expect that, however, the irrotational
fluctuations along the boundary may be mainly produced by two mechanisms: (a)
direct induction by the coherent structures embedded in the turbulence (may be called
‘direct mechanism’) as in the case of no free surface (Phillips 1955), and (b) wave
propagation from the inside of the turbulent region which is also generated by the
coherent structures (may be called ‘indirect mechanism’). In this investigation, we are
more concerned about the wave propagation characteristics so we will prescribe the
normal velocity along the control surface, leaving the quantitative relationship between
the irrotational motion along the control surface and the vortical motion in the
turbulence to be resolved by future experiments and observations.

In figure 1 we see that the strong jet rushing through the middle of the small defect
wake can generate waves across the wake. The generation of these waves by the jet,
which is a moving disturbance that are being regenerated and diminishing, has been
discussed in detail in case 2 of §2. We can take a control surface of the jet, which
separates the region of strong turbulence in the jet and the regions of weak turbulence
in the small defect wakes, and then use (43) to calculate the wave spectrum generated
by the jet with a range of scales of disturbances and advective velocities. In our
observation, however, only those waves with wavelength about 1 m or longer have
survived from crossing the small defect wake. The waves shorter than 1 m presumably
have been consumed by turbulence. The surviving waves are too long to be the
backscatters for the L-band radar. Therefore, the generation of waves by the ship’s jets
in our observation cannot explain the existence of two bright arms of the narrow V-
like wakes. Of course, this does not exclude the possibility that those waves with
wavelength about 30 cm or so, under some circumstances, may survive from crossing
the small defect wakes and become the backscatters in the two bright arms of V-like
wakes. In such a case, the wave spectrum can be analysed in a similar way to the case
of wave radiation from boundaries of small defect wakes that we will discuss in the next
few paragraphs; thus, we will not pursue this case further.

In the remainder of this section, we investigate the wave generation mechanism
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indicated by figure 2, where the waves are radiated from the boundaries of small defect
wake. From figure 2 we see that coherent structures are aligned along the boundaries.
These coherent structures can be viewed as eddies, and the irrotational velocity induced
by them along the boundary are responsible for the generation of small-scale waves
with wavelengths of about 30 cm. The eddies in figure 2 are convected slowly
downstream with lengthscale about 1 m or so.

Now we take a control surface of the small defect wake. This control surface is a
vertical plane and it separates the irrotational flow from the turbulence in the wake.
One would expect that the normal velocities along the control surface, induced by the
vortical motion in the eddies, also exhibit coherent structures: those induced by the
same eddy are well correlated while those induced by different eddies are approximately
uncorrelated. Thus, each eddy acts as an individual source of the waves. The normal
velocity coherent structures are also convected downstream with the eddies and their
lengthscales slowly increasing downstream. As the eddies evolve and decay, they lose
their identity and the new eddies are generated with intensity smaller than the previous
one. Therefore, the decay timescale T, of the normal velocity at the control surface is
the same order of magnitude as the lifetime of the eddy, which may be represented by
the integral timescale derived from the time correlation function measured following
the eddy. The physical significance of the decay timescale T is that only those eddies
with their ages younger than T, are actively generating waves and may be mostly
responsible for the generation of the backscatters in the bright arms.

Therefore, as a ship moves across the water surface, the new eddies are generated
immediately astern while the old eddies are dying away downstream. The eddies within
the distance UT, from the ship’s stern are in their energetic stage and are mostly
responsible for the generation of waves; thus, the disturbance induced in the control
surface from the ship’s stern to the distance U7, downstream by the ship wake as a
whole can be considered as an ‘integrated source’ of the backscatters in the bright
arms. Therefore, the generation of the backscatters in the bright arms can be viewed
as an ‘integrated source’ ‘moving’ across the water which radiates waves away from
it. Since generally we are interested in the waves far away from the ship, as a good
approximation, the slow convective motion and slow variation of the lengthscale of the
coherent structures can be neglected. From this simple model, we seek some non-
dimensional parameters which will determine the characteristics of the waves generated
by the wake and lead to the determination of the wave spectrum by experiments and
observations.

From now on, we use term ‘coherent structure’ for the coherent structure of the
normal velocity in the control surface unless otherwise indicated. Suppose that the ship
is moving from right to left with speed U and let 2/ be the average length of each
individual coherent structure within the ‘integrated source’; then let x4,...,x!, ..., x} v,
be the centre of each coherent structure at time ¢’ with x/ be1ng the newest eddy at that
time and x%,_ —x0 = UT,, and also let them denote the corresponding eddies.

The eddy x! was obviously generated at time

, 20, .
tj———l—vj (=12,..). (53)

Assume that the statistical characteristics of each eddy are the same, then the normal

velocity distribution along the control surface induced by eddy x! can be written as

follows: . .
fix,z,0) =u(x,2,T) (xe@x{—Lx'+1), T,>0) 54
=0 otherwise, (55)
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where I =1t—-t, (56)
is the time lapse after eddy x| was generated (the age of the eddy). u is considered the

same for all coherent structures along the control surface. Equation (54) can also be
written as

filx,z,1) = fﬁ(x, z,eT;w)exp(iwl)do (xe(xi—Lx{+1), T,>0), (57)

where ¢ is a small parameter which accounts for the decay process of the eddy. For a
single mode:
fi(x,2,8) = li(x, 2, T; ) dwexp (iwT), (58)

the wave field radiated away from the boundary is:

=35 o[ Sl

xexp((wT,—k,r+n/4))dgdew (kyr> 1) (59)

2
where r=((x—q+y)"% k,= —a;— (60)

Since the normal velocities along the control surface induced by the same eddy are well

correlated, and since the depth of turbulent wake is much larger than the wavelength

concerned here, it is a good approximation to assume that u is independent of :z.
Now define the wave spectrum observed at point (x, y) and time 7 as

7.8 X, ¥) nk(, x,
D(w:xy, 1) = PETILLEXY) (61)

then, in the near field y < 2/, waves are parallel beams propagating outwards, and

D(w;x,y, ety dw = 12 #(x,eT}; w) do i*(x, eT; ') do’ (62)
w

if xe(x{ —1,x{'+1). Where

—7_ Y
D €

Because wave group velocity is larger for the longer waves, the shorter waves are left
behind the longer one; and because the intensity of turbulence in an eddy decreases
with time, the weaker one is behind the stronger one for those waves of same
wavelength. This is what figure 2 shows. The observed crest lines of the waves are not
straight as theory would predict because the actual boundary between eddies and
irrotational flow is not a perfect flat plane, but convoluted.

As wave propagate away from the wake, they soon reach the far field. When y > 2/,
the wave is in the far field with respect to any eddy x! so that

= (3] 25 SPOTAGI o5 oo 0

j
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Looking direction

FIGURE 6. Thickened line: the boundary between turbulent wake and irrotational flow. P(x,, ) is the
observation point, Px! is the line along the radar looking direction, A8 is the angular resolution of
the radar.

where pi = ((x—x{ —g)*+ y»)'2.

Now we define the correlation function of the normal velocity u(x, ¢) in any particular
coherent structure xj.' as

Z(x,r;t,7) = u(x+r,t+1)ulx, 1) xe(xi—Lxi+1). (65)

Z is measured in a frame moving with the coherent structure along the control surface,
and Fourier transform of Z with r and 7 is

Z(x,r;et, 1) = f f Y(x,m;et,w)exp (imr) exp (lwr)dm dw. (66)
m [
Since we assume that the velocities in the different coherent structures are not
correlated, we obtain the wave spectrum:
8lw® 1
g k,rt

1

D(w;x,y,6t) = 3 Y(x,. kot s €T, ), (67)

[
where

v N — )2 2\1/2
o XX (oD
(=X 8/2w

At any point P(x, y) in the far field, the wave spectrum consists of waves propagating
in different directions. The term under the summation sign in (67) represents the energy
density radiated away by eddy x!" in the direction

xt—x ¥y
(((x@’—x)2+y2)”2’((xz'—x)2+y2)“2)‘ (69)

It is obvious that not all these waves can be ‘seen’ by the radar. If the angular
resolution of the radar about wave direction is A#, only those waves propagating along
within the two dashed lines around radar-looking direction 8 can make a contribution
to the intensity of radar return (see figure 6). We let @,(w) be the wave spectrum which
consists of only those waves in the spectrum @(w; x, y, t) that can be see by the radar

sor = (e—=x) )R (68)
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at the looking direction §. @,(w) can be obtained from (67) by selecting only those
waves propagating in the appropriate direction. However, the (67) is not convenient for
practical applications. In order to interpret the SAR image of the ship wake, we need
to simplify (67) to obtain a relation between the wave energy spectrum in the radar-
looking direction and the parameters of the ship wake. Next we search for the non-
dimensional parameters that determines the wave spectrum.

Suppose that the waves in the radar-looking direction § appearing at a particular
point P(x,,y) were generated by an ‘integrated source’ around time ¢ at x on the
boundary (figure 6). It is obvious that the first parameter is

UT,
Moo=

(70)
which is the total number of terms in (67) that have to be summed since a major
contribution to the wave field comes from those eddies within the distance UT; from
the ship stern.
Now let
R = ((xy—x)* + )2 (1)

The intensity of the waves at P is also determined by the age 7~; of each eddy x! when
it generates them:

- — )2 2\1/2
— t/
Note that sind = 22 R"O, (73)
then T = T;)+2—"(1—Usma). ' (74)
U Cy

If Usind/c, ~ 1, then the waves propagating in the looking direction § (= arcsin
(¢,/U), generally < 5°) at P were generated by the sources with relatively the same age,
the intensity of these waves should be larger than the intensities of wave generated by
the sources with quite different ages. Therefore, Usind/c, is the second parameters of
the problem.

Let R, be the distance defined by

R.A0 = UT,. (75)

For R > R,, the ‘integrated source’ is well within the influence region so that the
summation in (67) only need be carried out to the N,th term. The further increase of
R does not cause the increase of the intensity of the total sources in the influence region
so that for the far field R > R, > UT,, the wave spectrum falls approximately like 1/R.
For R < R, only part of the ‘integrated source’ is within the influence region. As R
increases, R Af increases, so does the influence region, and more and more terms in (67)
have to be summed; therefore, the wave spectrum may vary much slower than 1/R
along the looking direction. However, in the near field (R € R,), RAf may only be a
fraction of the length of the eddy, and the contribution to the wave field comes from
only one eddy so that the wave spectrum still decreases as 1/R. It is obvious that R <
R, is satisfied near the ship where the waves have not propagated far. Thus, we should
see a strong signal return from an area where the intensity of the wave field decreases
as 1/R near the ship, and slower than 1/R at distances away from the ship if NV, is large.

1 FLM 275
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R > R, is satisfied at distances far away from the ship and waves are in the far field.
Since the strongest wave energy is confined in a length T} ¢, along the looking direction,
we should see strong signal returns from a very narrow region. This is what we have
found qualitatively in SAR images: two bright lines at a distance from the ship with
scattering cross-section proportional to the inverse of the distance from the ship 1/X
at X < 0.5 km, then varies slightly slower than 1/X at 0.5 km < X < 4 km with some
noise (Shemdin 1987, 1990). That is, the waves are continuously generated by the
turbulence near the ship’s stern as the ship moves forward, and propagate away being
the backscatters in the bright arms.

Therefore, in the light of (67) and the discussion above, the wave spectrum in its
nearly strongest region along the looking direction ¢ may be written as

2
®,(w) = Wl(nl,nz,na)-——-——kl —_21‘;’ Y(x,.kysin8;0,0) (y > 20), (76)
oR g
UT, Usind R
where M, =—2 m,= , My =—m. )
VT T, » T T,

The wavelengths of concern here are about 30 cm for L-band radar which have
phase speed about 68 cm s, group velocity 34 cm s™, and period of 0.44 s. k,sin d in
Y determines the directional spreading of the wave energy under the assumption that
the boundary between turbulence and the irrotational flow is a plane. Since the real
boundary generally is curved, k,sind is not a good parameter to represent the
directional spreading. It is better to leave the directional spreading to be determined by
the observations. If we incorporate this effect into the function to be determined, (76)
can be written as:

M 2
() = Y’(% Usiné R) 1 2w ),(0

3 e CUT)R &

g

Ji0i0). 79)
with ¥ being a function of three dimensionless parameters. The characteristics of ¥
can be described as follows:

(i) ¥increases as (UT,/2/) increases since the available influence region increases. If
UT, /2l s relatively small, say about one or two, ¥ is approximately independent of R,
and &, decreases as 1/R.

(ii) ¥ is relatively large near the perpendicular looking direction (6 =0) and
decreases as ¢ increases.

(iii}y For R € R,, R Ad may only be a fraction of 2/, the contribution comes only from
one eddy so that ¥ is independent of R/UT,. Thereafter, if UT,/2/is large (say larger
than 3), then ¥ may increase as R/UT, increases until it reaches the value R,/(UT)),
then ¥ remains constant if other parameters are fixed. Therefore, the wave spectrum
decreases with distance as 1/R at distances not far away from the ship, stower than 1/R
at intermediate distances if UT;/2/is large, and behaves like 1/R again in the far field
R > R,.

The characteristic (iii) agrees with observation as we have mentioned before. The
characteristic (ii) also agrees with the observation that the strongest return signal
occurs at a looking direction perpendicular to the ship track (Lyden ef al. 1988). Since
the small waves are propagating in various directions on both sides of the ship wake,
and since they have the same statistical characteristics, the radar should be able to see
waves on both sides of the wake with relatively the same strength. Therefore, the
appearance of the narrow V-like wakes is consistent with the Bragg-scattering of radar
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Looking direction

............. Ship track

FiGURe 7. Thickened lines: the locations of the strongest backscatters. Dashed lines: boundaries
between turbulent wake and irrotational flow. B, and B, are the intersection points of the boundaries
with a line along a looking direction.

waves by small-scale surface wave generated by the boundary disturbance at the
interface between turbulence and irrotational flow induced by turbulence in the ship
wake near the ship stern. The dependence of ¥ on the three parameters can be
determined by experiments.

Now consider the angle of the bright arms. Let a line along the looking direction
intersect two boundaries of the ship wake at B, and B, as shown in figure 7. Assume
the width of the wake is L which is slightly larger than the width of the ship. Then the
eddy at B, was generated at time
_ Ltand

AT T

(79)

earlier than that at B,. Assume L, is the distance that the ship has travelled after eddy
B, has been generated. Then waves generated at B, and B, have travelled distances

L

r= cg—ﬁl, (80)
L +Ltané
r2 = Cg——l—'U——, (81)

respectively. Thus, the half angles of the two arms with respect to the ship track are
determined by

r,cosd+0.5L

tany, = L, —rsind ’ (82)
_ rycos8+0.5L
ANy, = I Ltand+r,sind’ ®3)
At distances far away from the ship,
L ¢
Rmipe e 84
L<T <1, (84)

11-2
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we have tany,, Y, = %cos& (85)

which is consistent with the observation made by Shemdin (1987, 1990).

4. Concluding remarks

It has been demonstrated that the backscatters in the bright arms of narrow V-like
ship wakes are short waves generated by the oscillating motion at the edges of the
turbulent wake of the ship. The characteristics of the waves have been discussed in
detail through an idealized model: waves are generated by velocity fluctuations,
induced by turbulence, along a vertical control surface which separates irrotational
flow from turbulence. The results can explain some of the observed features of narrow
V-like wakes, such as the angle of the wake and the variation of the intensity of radar
return with the distance away from the ship.

There are several other processes that may play some role in the narrow V-like ship
wakes. So far we have considered only linear wave theory in this investigation. The
nonlinear wave—wave interactions may become significant after a period of time, which
results in modifications of the wave spectrum and redistribution of wave energy in
various directions. However, the wave amplitudes decrease with time after waves are
generated because of viscous damping and angular spreading of wave energy so that
if the linear wave theory is assumed a good approximation for the problem at the very
beginning of the wave generation, the nonlinear effects are negligible thereafter.
Interaction between small-scale waves generated by turbulence and Kelvin ship-waves
may occur too. From our observation, the Kelvin ship waves are present outside the
region of small-scale waves and small-defect wake, and they propagate faster than the
small-scale waves (cf. figure 2). Thus the interaction seems unlikely.

From a theoretical point of view, the waves may also be generated by eddies in the
boundary layer along the ship’s hull as suggested by Shemdin (1990). These waves were
observed during the cruise when the ship had not reached its cruise speed but
disappeared later, presumably being destroyed by the breaker generated by the ship
near the stern. The ship Bay Lady is relatively shorter than most merchant ships. If the
ship is long enough (as in Shemdin 1987), these waves may have the chance to
propagate out before the breaker catches them.
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